We study the photon statistics of symmetric and antisymmetric modes in a photonic molecule consisting of two linearly coupled nonlinear cavity modes. Our calculations show that strong photon antibunching of both symmetric and antisymmetric modes can be obtained even when the nonlinearity in the photonic molecule is weak. The strong antibunching effect results from the destructive interference between different paths for twophoton excitation. Moreover, we find that the optimal frequency detunings for strong photon antibunching in the symmetric and antisymmetric modes are linearly dependent on the coupling strength between the cavity modes in the photonic molecule. This implies that the photonic molecules can be used to generate tunable single-photon sources by tuning the values of the coupling strength between the cavity modes with weak nonlinearity.
I. INTRODUCTION
Single-photon source is one of the fundamental devices for quantum information processing at single-photon level. In order to create a single-photon source, Imamoglu et al. proposed using a high-finesse cavity containing a low density four-level atomic medium [1] . They found that the transmitted photons show strong antibunching. This effect comes from the strong photon-photon interaction: the excitation of a first photon blocks the transport of a second photon for the nonlinear medium in the cavity, called the photon blockade effect. Photon blockade is one of the mechanisms for creating strong antibunching photons. In 2005 photon blockade was observed in an optical cavity with one trapped atom [2, 3] . Subsequently, a sequence of experimental groups observed the strong antibunching behaviors in different systems: a quantum dot in a photonic crystal [4] , circuit cavity quantum electrodynamics (QED) systems [5] [6] [7] .
Recently, Liew and Savona found a new mechanism in a photonic molecule consisting of two linearly coupled nonlinear cavity modes that can give rise to strong photon antibunching even with nonlinearities much smaller than the decay rates of the cavity modes [8] . The physical explanation is that the strong photon-photon correlation was attributed to the destructive quantum interference effect in the nonlinear photonic molecule [9, 10] . Based on this mechanism, many different systems are proposed to achieve photon blockade, such as bimodal optical cavity with a quantum dot [11, 12] , coupled optomechanical systems [13, 14] , a double quantum well embedded in a micropillar optical cavity [15] , and coupled single-mode cavities with second-or third-order nonlinearity [16] [17] [18] .
The statistic properties of photons in the photonic molecules have already been studied in Refs. [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] , focus- * Electronic address: liyong@csrc.ac.cn ing on the statistic properties of photons for modes located in one of the cavities. However, as the coupling between the photonic cavities reaches the strong coupling regime, the photonic eigenmodes are the symmetric and antisymmetric modes spanning the whole system [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . Nonclassical photon correlations for the symmetric and antisymmetric modes in twomode optomechanics have already been studied theoretically, and it was shown that the nonlinear interactions can be significantly enhanced in the coupled optomechanics [27, 28] .
In this paper, we will investigate the photon statistics of the symmetric and antisymmetric modes, instead of local modes, in a photonic molecule consisting of two linearly coupled nonlinear cavities, and show that the photons of both the symmetric and antisymmetric modes can exhibit strong antibunching effect even with weak nonlinearity in the photonic molecule. Most importantly, different from the result given in Refs. [8, 9] , we find that the optimal frequency detunings for strong photon antibunching in the symmetric and antisymmetric modes are linearly dependent on the coupling strength between the cavity modes. So we can generate tunable singlephoton sources by the symmetric and antisymmetric modes in the photonic molecules with weak nonlinearity.
The paper is organized as follows: In Sec. II, we will show the Hamiltonian and the dynamic equation of the photonic molecule system. In Sec. III, the statistic properties of the photons of the symmetric and antisymmetric modes in the photonic molecule are investigated via the second-order correlation functions by numerical calculations. In Sec. IV, the optimal conditions for strong antibunching effect are obtained analytically. Finally, we draw our conclusions in Sec. V.
II. PHYSICAL MODEL
Photonic molecule consists of two nonlinear cavity modes with coupling strength J. Taking the coupled microtoroids for an example, as shown in Fig. 1 , the coupling strength between the cavity modes in the two microtoroids depends exponentially upon the air gap [19, 20] . The distance and hence the coupling between the cavity modes in the microtoroids can be controlled precisely [21] [22] [23] [24] [25] . The Hamiltonian for the compound system in a frame rotating at the frequency of the driving field ω d reads [8] 
There are only nonlinear couplings between the symmetric and antisymmetric modes [29] .
The dynamics of the system can be described by the master equation for the density matrix ρ, where κ a (κ b ) is the dissipation rate which includes the loss rate κ exp (i.e. wave guide coupling) for detection. The equilibrium mean thermal photon numbers in cavity modes at optical frequencies have been neglected. Without loss of generality, we assume that the dissipation rates of the cavity modes are equal, i.e. κ a = κ b = κ, then the coupling terms induced by the dissipation in the master equation (last two terms) vanish. The master equation can be solved by expanding the density matrix over a Fock basis [8, 13, 30] .
In this paper, we will focus on the statistic properties of photons for the symmetric and antisymmetric modes in the photonic molecule, which are described by the second-order correlation functions as
in the steady state, where τ is the time delay between different detectors. In experiments, the statistic properties of photons for the symmetric and antisymmetric modes can be obtained by combining the two output fields from cavity modes A and B through a 50/50 beam splitter, and detecting the statistic properties of photons for the symmetric and antisymmetric modes individually by the Hanbury Brown-Twiss experiment [31] , as shown in Fig. 1 . In theory, we can solve the master equation numerically to get the density matrix ρ within a truncated Fock space, then the second-order correlation functions for the symmetric and antisymmetric modes are obtained.
III. NUMERICAL RESULTS
In this section, the second-order correlation functions g (2) ± (τ ) will be plotted as functions of various parameters by solving the master equation numerically within a truncated Fock space. We assume that the external driving field are weak, with Rabi frequency ε = 0.01κ. Such a weak driving condition is a necessary condition for photon blockade [7] and small truncated Fock space (five photons are retained in the following numerical calculations). For convenience, we normalize all the parameters to the dissipation rate of the cavity modes κ.
In order to find the optimal conditions for strong antibunching numerically, we show the logarithmic plot of the equaltime second-order correlation functions g (2) ± (0) as functions of the detuning ∆/κ and the nonlinear interaction strength U/κ for the coupling strength J = 20κ in Fig. 2 . We note that there is a dip regime for g (2) + (0) ≪ 1 around the point ∆ = −20κ, U = 0.0125κ, corresponding to strong antibunching in the symmetric mode. Similarly, there is a dip regime for g (2) − (0) ≪ 1 around the point ∆ = 20κ, U = −0.0125κ, corresponding to strong antibunching in the antisymmetric mode.
In Fig. 3 , we show the equal-time second-order correlation functions g The equal-time second-order correlation functions g ± (0) as functions of nonlinear interaction strength U normalized to κ 2 /J is shown in Fig. 4 . This plot show that the photons for the symmetric mode exhibit antibunching as nonlinear interaction strength 0 < U/(κ 2 /J) < 1/2 with ∆ = −J and reach optimal strong antibunching at U/(κ 2 /J) = 1/4; the photons for the antisymmetric mode exhibit antibunching as nonlinear interaction strength −1/2 < U/(κ 2 /J) < 0 with the detuning ∆ = J and reach optimal strong antibunching at U/(κ 2 /J) = −1/4. As the statistic properties of photons for the symmetric and antisymmetric modes are similar to each other, let us focus on the case of the symmetric mode in the following. A two-dimensional plot of the equal-time second-order correlation function g 
+ (0) as a function of nonlinear interaction strength U/κ and coupling strength J/κ for ∆ = −J and ε = 0.01κ.
in Fig. 5 . With increasing J/κ, the value of U/κ for getting the strong antibunching (dark blue regime in the figure) descends gradually. That is to say, the requirement of the nonlinear interaction strength U for obtaining strong photon antibunching in the symmetric mode can be controlled by tuning the value of the coupling strength J in the photonic molecule.
The equal-time second-order correlation function g (2) + (0) as a function of the detuning ∆/κ for different coupling strengths J/κ are shown in Fig. 6 , where U/κ = κ/(4J). With the increase of J, the optimal detuning for strong antibunching in the symmetric mode shifts as ∆ = −J. As a consequence, we can shift the optimal value of the detuning for strong antibunching in the symmetric mode by tuning the coupling strength J in the photonic molecule. This is significantly different from the result given in Refs. [8, 9] , where the optimal detuning is fixed at ∆/κ = ±1/(2 √ 3) in the strong coupling condition J ≫ κ [9] . As the coupling between the microtoroids can be controlled precisely in the experiments [21, 23, 25] , the symmetric and antisymmetric modes in photonic molecules with weak nonlinearity can be used to generate tunable single-photon sources. Now, let us do some discussions about the feasibility of the strong photon antibunching effect for weak nonlinearity with some realistic parameters. For the experiment in Ref. [21] , the resonance frequency for cavity mode is about 200 THz, the Qfactor is 4 × 10 7 for empty cavity and the coupling strength between the two cavity modes ranges from 5 MHz to nearly 5 GHz. The Q-factor for the microtoroid made from silica doped with Kerr medium should become lower, and Q = 3 × 10 6 for the microtoroid made from silica doped with gainmedium was obtained in Ref. [23] .
After considering the parameters in the experiments [21, 23] , we take the parameters κ = 2π × 100 MHz and J = 5κ for numerical calculations, and the second-order correlation function g (2) + (τ ) is plotted as a function of the time delay τ in Fig. 7 . Similar to the reports given in Refs. [8, 9, 13] , g (2) + (τ ) shows an oscillation behavior as the delay time going on with the period 2π/(2J) [as shown in Fig. 7(b) ]. The magnitude of the oscillation decreases as the increase of τ and almost approaches unity as τ ≥ 10 ns [as shown in Fig. 7(a) ], which is about the lifetime of the photons in the cavities. This oscillation behavior comes from the Rabi oscillation between the photon states and we will explain this in detail in the end of next section.
IV. OPTIMAL CONDITIONS
In order to understand the origin of the above strong antibunching obtained numerically, we will derive the optimal conditions analytically following the method given in Ref. [9] . In the weak driving condition ε ≪ κ, we expand the wave function on a Fock-state basis of symmetric and antisymmetric modes truncated to the two-photon manifold with the ansatz:
Here, |n + , n − represents the Fock state with n + photons in the symmetric mode and n − photons in the antisymmetric mode. Substituting the wave function [Eq. (5)] and Hamiltonian [Eq. (2)] into the Schrodinger's equation, we get the dynamic equations for the coefficients C n+n− :
Under the weak driving condition ε ≪ κ, we have |C 00 | ≫ |C 10 |, |C 01 | ≫ |C 20 |, |C 11 |, |C 02 |, and the equations for the coefficients of one-photon states,
and for the coefficients of two-photon states,
From Eqs. (7)- (8), the relation between C 10 and C 01 reads
Substituting this relation into Eqs. (10)- (11), we get
The conditions for g
+ (0) ≪ 1 are derived from Eqs. (9) and (13) by setting C 20 = 0, so we get
The condition for that C 10 and C 02 have non-trival solutions is that the determinant of the coefficient matrices of Eqs. (15)- (16) equals to zero, then we get the equation for optimal photon antibunching as
For the imagine part to be zero, we have
and for the real part equal to be zero, we get
Eqs. (18)- (19) are the optimal conditions for g
+ (0) ≪ 1 in Fig. 2-5 .
Similarly, we can get the optimal conditions for g
− (0) ≪ 1 from Eqs. (9)- (11) by using the relation between C 10 and C 01 [Eq. (12) ] and setting C 02 = 0, then we get
To make sure C 01 and C 20 have non-trival solutions, we have
Then, the optimal conditions for g
− (0) ≪ 1 are given by
In Fig. 8 , we show the energy-level diagram and the transition paths. There are two paths for two-photon excitation in the symmetric mode: (i) directly exciting two photons in the symmetric mode (red lines with arrows), i.e. |0, 0 → |0, 1 ε → |0, 2 will be enhanced, so the nonlinear interaction strength U needed for destructive quantum interference becomes smaller. Similar origin leads to the strong antibunching effect in the antisymmetric mode.
Finally, let us give an explanation for the oscillation behavior of g (2) + (τ ) (as shown in Fig. 7) via the energy-level diagram (Fig. 8) . In the short time approximation t ≪ 2π/κ ≪ 2π/ε, we can treat the transitions |0, 0 
+ (τ ) with period 2π/(2J) comes from the Rabi oscillation between |0, 0 and |1, 0 .
V. CONCLUSIONS
In summary, we have studied the photon statistics of the symmetric and antisymmetric modes in the photonic molecule consisting of two linearly coupled nonlinear cavity modes. Due to the destructive quantum interference effect between the different paths for two-photon excitation, the photons of both the symmetric and antisymmetric modes can exhibit strong antibunching effect even with weak nonlinear interaction in the photonic molecule. By analytical method, we show that the optimal frequency detunings for strong photon antibunching in the symmetric and antisymmetric modes are linearly dependent on the coupling strength between the nonlinear cavity modes in the photonic molecule. Thus we can control the statistic properties of the photons by tuning the coupling strength between the nonlinear cavity modes in the photonic molecule. Our results may have important applications in generating tunable single-photon sources.
